Introduction
Shot peening is a widely used surface enhancement process to improve the fatigue life of engine blades and rotors by inducing compressive residual stress on component surfaces. However, the compressive residual stress can relax in-service due to temperature and mechanical stress exposure, impacting the potential benefit from compressive stress for life. To increase the accuracy and robustness of life prediction, it is important to understand the residual stress relaxation. Significant amount of experimental efforts have been made to understand the relaxation of the residual stresses induced by surface enhancement processes, which have been well summarized in the review paper by McClung ͓1͔. However, not many analytical models have been proposed to predict this phenomenon. Vohringer and co-workers ͓2,3͔ have used a Zener-Wert-Avrami function of the general form RS f ͑T,t͒
where T is the temperature, t is the time, SP f is the shot peening induced residual stress, RS f ͑T , t͒ is the relaxed residual stress, and A is a function of material and temperature to fit experimental data for surface residual stresses after a pure thermal relaxation. This is still a semi-empirical approach rather than a predictive approach, and the parameter m has been found to change with exposure temperature ͓1͔. Moreover, mechanical loading effect is not considered in this model. Khadhraoui and co-workers ͓4,5͔ have proposed to use recovery strain to describe the kinetics of strain recovery. The results show that the predicted residual stress profile agrees with experimental measurements. However, analytical formulas to predict the pure thermal or thermomechanical relaxation of the residual stress are not given in their papers. In this paper, we developed a physics-motivated analytical model to predict the thermomechanical relaxation of a shot peening residual stress. The plan of the paper is as follows. Section 2 will develop the thermomechanical relaxation model. In Sec. 3, the model prediction will be compared with published experimental measurements, and the factors to affect the residual stress relaxation will be discussed. Summary and several assumptions of the model will be discussed in Sec. 4.
Residual Stress Relaxation Model
The mechanism to cause the residual stress relaxation is as follows: Shot peening and mechanical loading induce plastic strain ͑dislocation generation͒ in the shot peening layer and/or the bulk substrate. The plastic strain difference between the shot peening layer and the bulk substrate induces residual stress in the shot peening layer. At high temperature, the plastic strain decreases ͑dislocation recovery͒, so the plastic strain difference between the shot peening layer and the bulk component may also decrease after high temperature. As a result, the residual stress in the shot peening layer is relaxed. Based on this mechanism, we develop a physics-motivated model to predict the thermomechanical relaxation of shot peening induced residuals stresses in this section.
To simplify the problem, the shot peening layer is considered flat and very thin compared with the substrate. Therefore, it can be assumed that the deformation of the substrate is not affected by the shot peening layer and the in-plane deformation of the shot peening layer is fully constrained by the substrate. We further assume that the stress and strain in the shot peening layer are uniformly distributed in xy plane. Under these assumptions, we can model the structure as a flat thin film on the top of a semiinfinitely large substrate. The schematic structure is shown in Fig.  1 . There are four steps to develop the model. First, the plastic strain after shot peening will be analyzed. Second, the method to predict mechanical loading induced plastic strains in the shot peening layer and the substrate will be developed. Third, the plastic strain relaxation at high temperature will be studied. The final step is to obtain the residual stress in the shot peening layer by matching the plastic strain between the shot peening layer and the substrate.
Plastic Strain Due to Shot
Peening. During the shot peening process, plastic deformation occurs within a thin layer at the top surface of the substrate, as a result, residual stress is induced in this layer. The total strain, i.e., the summation of elastic strain and plastic strain, in the shot peening layer is the same as the strain in the substrate, which is zero, namely,
where is the strain; the superscripts e and p refer to elastic and plastic, respectively; the superscript f refers to the shot peening layer film; the subscript SP refers to initial strain/stress induced by the shot peening process. By ignoring the stress along the z direction and substituting the isotropic stress-strain relations of the shot peening layer
into Eq. ͑1͒, we obtain the plastic strain in the shot peening layer as
where is the stress; E is Young's modulus; and is Poisson's ratio. i and j are stress/strain directions. i and j can be 1 ͑x͒ or 2 ͑y͒, and i j. The volume conservation of plastic deformation,
i.e., xSP pf + ySP pf + zSP pf = 0, gives the plastic strain in the thickness direction as
Equations ͑2͒ and ͑3͒ give the relation between the shot peening induced plastic strain in the shot peening layer and the residual stress in the shot peening layer. The shot peening induced plastic strain in the substrate is zero.
Plastic Strain Due to Mechanical
Loading. When mechanical strains xL and yL are, respectively, applied on x and y directions, additional stress will be generated in the shot peening layer and the substrate. If the mechanical stress is not high enough to cause plastic deformation, the plastic strain in the shot peening layer is the same as the plastic strain due to shot peening xSP pf and ySP pf and the plastic strain in the substrate is zero. If the equivalent mechanical stress reaches yield strength, plastic deformation will occur, and additional plastic strain will be generated in the shot peening layer and the substrate. The method to analyze the mechanical loading induced plastic strain will be developed in the following paragraphs.
The elastic strains in the shot peening layer and in the substrate relate to the stresses by Hooke's law
The total strain, i.e., the summation of elastic strain, plastic strain due to shot peening and plastic strain due to mechanical loading, is the applied mechanical strain iL , namely,
where the subscript L refers to strain induced by mechanical loading. We adopt the J 2 flow theory and linear kinematic hardening law ͓6͔ to analyze the plastic deformation in the shot peening layer and the substrate. By neglecting the stress in the z direction, the von Mises yield criteria for the shot peening layer and the substrate is obtained as
where Y is the yield strength; ␣ x and ␣ y are the back stresses, which follow linearly the relation with the plastic strain ͑the linear kinematic hardening law͒ as
J 2 flow theory dictates that the plastic strain increment tensor be the same direction as the deviatoric stress tensor, namely,
By solving Eqs. ͑4͒-͑8͒, one can obtain the plastic strain due to the mechanical loading. The explicit formula for the plastic strain due to mechanical loading is lengthy, but this method is easily implemented into Microsoft ͑MS͒ Excel.
Plastic Strain Evolution at High
Temperature. At high temperature, the plastic strain will decrease due to dislocation recovery. A model has been proposed to describe the recovery of the plastic strain ͓4͔. The recovery strain R is expressed as ͓4͔
‫ץ‬
R ͑T,t͒
where ␥͑T͒ is a percentage magnitude of the limiting state of recovery that depends on the applied temperature. The term ͓1 − ␥͑T͔͒ interprets the percentage of eliminable crystalline defects at the given temperature.
describes the variation in the mean density of defects as a function of time and temperature. n is the recovery kinetic exponent, and the energy ⌬Q 0 is linked to the mean enthalpy of activation of the migration of defects and to the elastic deformation energy stored in the materials. C is a constant, and k is Boltzmann's constant. 
considers the spatial effect of plastic strain distribution. h is the distance from the top surface. h c is the affected depth by shot peening. and are two constants. The details of these coefficients are discussed in Ref. ͓4͔. The tensorial parameter ␣ 2 is associated with plastic strain. In this paper, we assumed that ␣ 2 is proportional to current plastic strain p , that is,
where ␤ is the proportional factor. Now we can express the recovery strain term as a function of time, temperature, and plastic strain as ‫ץ‬ R ͑T,t͒
At high temperature, the summation of recovery strain and current plastic strain is the same as the initial plastic strain ͑the summation of plastic strains due to shot peening and mechanical loading͒, namely,
͑12͒
Submitting Eq. ͑11͒ into Eq. ͑12͒ gives the plastic strain at high temperature for a certain time as
where iSP p is obtained by Eq. ͑2͒ and iL p is obtained by solving Eqs. ͑4͒-͑8͒.
Residual Stress at Room Temperature.
After unloading, only plastic strain remained in the substrate, and the total strain ͑summation of elastic strain i ef and plastic strain i pf ͒ in the shot peening layer is the same as the plastic strain in the substrate i ps , namely,
where the superscripts f and s refer to the shot peening layer film and the component substrate, respectively. Submitting Eq. ͑13͒ into Eq. ͑14͒ gives the elastic strain in the shot peening layer as
By using the stress-strain relation ͑Eq. ͑4͒͒, we obtain the residual stress in the shot peening layer as
Equation ͑16͒ gives the relation to predict the thermomechanical relaxation of shot peening induced residual stresses. If no mechanical loading is applied or the mechanical loading is not high enough to cause any plastic deformation, the mechanical loading induced plastic strain is zero, namely, iL
gives the closed-form solution of relaxed residual stress as a function of time and temperature to predict the pure thermal relaxation of shot peening residual stresses. It shows the similar kind of relation as Zener-Wert-Avrami function of the general form ͓2,3͔, but provides more insights on the effects of time and temperature.
Model Validation and Discussion
To validate the model developed in the paper, we compare the model prediction with the experimental measurements by Tufft ͓7͔. The measurements are from coupon samples, in which the experimental conditions were well controlled. The comparisons are shown in Figs. 2͑a͒ and 2͑b͒ . The x axis is the normalized depth from top surface, and the y axis is the normalized near surface residual stress profile. The dots are experimental measurements from specimens made from René 88DT, a nickel-based superalloy. The lines are the model predictions. The material properties of recovery strain used in the model are from Ref. ͓4͔, where the material is Inconel 718, also a nickel-based superalloy. Figure 2͑a͒ shows the pure thermal relaxation of a shot peening residual stress. The hollow circular dots are the residual stresses after shot peening, which are the inputs for the model prediction. Solid dots are measured residual stresses after being thermally annealed at 1000°F, 1150°F, and 1300°F for 100 h. The lines are the predictions from Eq. ͑17͒. We can see that the predictions agree with the measurements in good accuracy. Figure 2͑b͒ shows the thermomechanical relaxation of a shot peening residual stress. The hollow circular dots are the residual stresses after shot peening. Solid dots are measured residual stresses after applying mechanical strains of 0.40%, 0.55%, 0.70%, and 0.85% at 1150°F for 5 h. The lines are the predictions from Eq. ͑16͒. Model prediction shows that the relaxed residual stresses for mechanical strains of 0.40% and 0.55% are almost identical. At these mechanical strain levels, the equivalent stress does not reach yield strength, so the residual stress reduction is caused by a pure thermal relaxation. This is confirmed by the experimental measurement. At higher mechanical strain levels, plastic deformation occurs during mechanical loading, resulting in a higher residual stress relaxation. Model predictions also reasonably agree well with experimental measurements for this case. Figure 3 shows the effects of time and temperature on the pure thermal relaxation. The residual stress relaxes fast during the first several hours, and after that, the relaxation becomes stable. The temperature also has significant effects on the stress relaxation, especially when temperature is high. In this example, when the temperature changes from 1100°F to 1300°F, the relaxed stress decreases four times. These predictions are consistent with the experimental observations in Refs. ͓1,4͔. Figure 4 shows the effects of applied mechanical strain and material yield strength. When the equivalent stress induced by applied mechanical strain and residual stress is lower than the yield strength, the applied mechanical strain will not cause a residual stress relaxation. The residual stress decrement is only due to a pure thermal relaxation. However, when the equivalent stress is higher than the yield strength, the mechanical strain can cause a significant residual stress relaxation. It is important to note that the yield strength and stress at the shot peening layer could be different from those of the substrate. This is because the shot peening process has already induced plastic deformation in the shot peening layer ͓8͔.
Concluding Remarks
In this paper, we developed a physics-motivated model to capture the thermomechanical relaxation of shot peening induced re-sidual stresses. The explicit formula to predict the pure thermal relaxation of a shot peening residual stress and the relation to predict the thermomechanical relaxation of a shot peening residual stress are obtained. It shows that the model predicts the experimental measurements with good accuracy. The method can be easily implemented in MS Excel, and is simple to use and validate.
Several assumptions in this model need to be pointed out. The effects of cyclic mechanical loading are not considered in this model. Since the material used in a high-pressure-turbine engine disk is a strain-hardening material, plastic deformation usually occurs in the first several cycles, especially the first cycle. After that, only elastic deformation occurs. Therefore, this assumption should not significantly affect the accuracy of model prediction. In this model, the thickness of the substrate is assumed to be infinitely large compared with the thickness of the shot peening layer. This assumption may not be valid if shot penning happens on a thin airfoil. In this case, the force equilibrium between the shot peening layer and the substrate needs to be considered. The shot peening layer is assumed as a flat surface in this model, but a shot peening process can cause dents on the surface. The effects of the dent on the relaxation of residual stress need to be further studied.
Nomenclature
A ϭ a function of material and temperature ͓2͔ C ϭ a constant in Eq. ͑9͒ ͓4͔ E ϭ Young's modulus h ϭ distance from the top surface in the shot peening layer h c ϭ affected depth by shot peening k ϭ Boltzmann's constant m ϭ an empirical constant in Zener-Wert-Avrami function of the general form ͓2͔ n ϭ recovery kinetic exponent in Eq. ͑9͒ ͓4͔ T ϭ temperature t ϭ time 
